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Abstract 

We principally present reductions of certain generalized hypergeometric 
functions 3^21=1=1) in terms of products of elementary functions. Most of these 
results have been known for some time, but one of the methods, wherein we 
simultaneously solve for three alternating binomial sums, may be new. We 
obtain a functional equation holding for all three of this set of alternating bino¬ 
mial sums. Using successive derivatives, we show how related chains of 3U2(±1) 
values may be obtained. It may be emphasized that we make no reliance on the 
WZ method for hyper geometric summation. Additional material on Pochham- 
mer symbols and certain of their products is presented in an Appendix to 
supplement the pedagogical content of the paper. 
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Introduction and statement of results 


Let (a)„ = r(a + n)/V{a) = (—l)"'r(l — a)/r(l — a — n) denote the Pochhammer 
symbol, 'ip = P'/P the digamma function, and pFq the generalized hypergeometric 
function p El El El E]. The following reductions of particular 3 ^ 2 ( 1 ) functions have 
been known for some time (i. p. 537). 

Proposition 1. 

3 ^ 2 ( 0 , a + 1/3, a + 2/3; 1/3, 2/3; 1) = 2 ■ Re a < 0, 

Ma, a + 1/3, a + 2/3; 2/3,4/3; 1) = — —cos(3a + 1)-, Re a < 1/3, 

1 — 3a 6 

and 

3 ^ 2 ( 0 , a+l/3,a+2/3; 4/3, 5/3; 1) = -- ^ ^ . 3"^°/^ cos(3a+2)^. Re a < 2/3, 

(1 — 3a)(2 — 3a) 6 

However, in the words of one of the surviving authors of [ 6 ], as to the original proof, 
“it is impossible to hnd the sources now” p. Herein we provide a detailed proof of 
this Proposition, making use of the properties of closely related alternating binomial 
sums. We avoid any use or reliance on the WZ method for hypergeometric summation 
(e.g., [2], section 3.11). 

There are several known transformations for functions 3 ^ 2 ( 1 ), as illustrated in 
Appendix B. Therefore the left sides in Proposition 1 may be rewritten in terms of 
other 37 / 2 ( 1 ) functions with altered parameters. 

We dehne the three binomial sums 

A,( ://). j=o,i,2. (1.1) 

1=0 ^ 

Proposition 2 (Common functional equation.) 

3%(a + 4) = /3j(a), i = 0,l,2. 


7 ^ 1 / 3 . 
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Proposition 3. 


3 ^ 2 ( 0 , a + 1/3, a + 2/3; 5/3, 7/3; z) 

_ 8(-(l- ^((1- + ( ^^+l)"-"“ + (l-(-l)2/3 3/?)'-"“)) 


giving 

3 ^ 2 ( 0 , a+l/3, a+2/3; 5/3, 7/3; -1) = 
and 

3 ^ 2 ( 0 , a + 1/3, a + 2/3; 5/3, 7/3; 1) = 


81(a—l)(a—(a— i J(3a—4)2'^/3 


32 aj '2 _ _ 8 \/ 3 sin( 7 ra) + 8 ( 6 a — 7) cos( 7 ra) 

9(a - l)(3a - 4)(3a - 2)(3a - 1) 


8 ■3-^-^(3\/3(6a-5)sin(f)+9cos(f)) 


(a — 1) (a — I) (a — |) (3a — 4) 

In fact the proof of Proposition 3 indicates how to obtain a family of values 
3 ^ 2 ( 0 , a + 1/3, a+ 2/3; p/3, g/3; ±1) from 3 ^ 2 ( 0 , a + 1/3, a+ 2/3; p/3 - 1, g/3- 1; ±1). 
Proposition 3 supplements the following expressions for 3 F 2 (—1) [B] (p. 547) which 
we restate. In light of the proofs of Propositions 1 and 3, we forego giving a proof. 
Proposition 4. ([6]) 
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3 + 2 ( 0 , a + 1/3, a + 2/3; 1/3, 2/3; —1) = -(2“^““^ + cosavr). Re a < 1/3, 
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3 + 2 ( 0 , a + 1/3, a + 2/3; 2/3,4/3; -1) = 


and 


3 + 2 ( 0 , a+l/3, a+2/3; 4/3, 5/3; -1) = 


3(1-3a) 


(3a+ 1) 

2"=^“ + cos ^ —-—-71 


, Re a < 0, 


)—3(2 “hi 


+ cos 


(3a + 2) 


-TT 


3(l-3a)(2-3a) 

Proposition 5. (Ordinary differential equation). The function u{a) = 3 + 2 (a,a + 
1/3, a + 2/3; 1/3, 2/3; 1) satishes the differential equation 

u”{a) + 3(ln 3)u\a) + - (vr^ + In^ 27)u{a) = 0. 

Corollary. We have the identity 


, Re a < —1/3. 


+(o) =3^ 
j=0 




(1/3),(2/3),j 


7ia Tia 

71 sm-h cos — In 27 

2 2 
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Appendix A on Pochhammer symbols and certain of their products complements 
the proofs and the rest of the discussion. These products could be used, for instance, 
as exercises in a beginning graduate level course on special functions or analysis. 

The hnite series special cases fsoi—n/S) and fsii—n/S) for integer n > 0 occur in 
the online database OEIS in sequences A057681 and A057682 respectively. Thus for 
these integer sequences generating functions are readily available. 

Proof of Propositions 

Proposition 1. By using a case from (A.l) of Appendix A for (l/3)j(2/3)j together 
with (A.2), 


„ + 1/3. a . 2/3; 1/3.2/3; 1) ^ f 


j=0 




(3j)! 

j=o ^ j=o 


-3a 

3j 


We may note that 


j=0 


-3a 

j 


= 0 , 


unless a = 0, in which case the sum is 1, being a special case of the binomial summa¬ 
tion 

AT /_Q^\ 

= (1 - z)-^P 


E(-i) 

j=0 




-3a 

3 


Then 




o = E(-i)' 

1=0 \ 

We may write this relation as 


—3a 


E(-i)'(«!.“,)+E(-i) 


3f + 1 


£=0 


—3a 
3£ + 2 


/3o(o) ~ /3l(«) + /32(o) — 0, (2.1) 

by using the dehnition (1.1). By using the recurrence of binomial coefficients = 
(“) -1- , we obtain the following relations: 


/30(a) — / 3 i(a — 1/3) — /31(a), 
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and 


/ 31 (a) —/32 (a — 1/3) —/ 32 (a)- ( 2 . 2 ) 

When combined with (2.1) we then obtain 

/ 32 (a) = 2 / 31 ( 0 ) — / 3 i(a — 1/3), 

3/32(a) = 2/32(a - 1/3) - /32(a - 2/3) + /32(a - 1/3), 

and 

/ 32 (a) =/ 30 (a) —/ 3 o(a — 1/3). (2.3) 

Thus a difference of /30 gives fz 2 i a difference of fs 2 provides / 31 , and a difference of 
/31 yields / 30 . All three of these sums have the initial value /sj/O) = 1. 

Related 3 ^ 2 ( 1 ) expressions. These other hypergeometric series of Proposition 1 
may be rewritten as: 

3 ^ 2 ( 0 , a + 1/3, a + 2/3; 2/3,4/3; 1) = ^(-1)-^ 3 j X ) 

“ (1 -3a)-^^^ (“ ~ 3 ) 

and 

3 f,(a. a + 1/3. a + 2/3; 4/3,5/3; 1) = ^-1)’ (■^“//) 

^ (1 -3a)(2- 30)-^“ (“ ~ 3 ) ' 

Evaluation of / 30 (a). We will evaluate this binomial sum as a case of the more 
general sum 

/3„(a; 

e=o ^ ' 

We note that the factorization 

l + z = {l + + (-l)AV/3], 
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implies and is implied by the identity 


1 _ (_1)V3 ^ (_l)2/3 ^ 0. (2.6) 

Identity (2.6) is very easily verified directly, as 

_eW3 ^ g2W3 _ _2cos (^1) = -1. 

The identity (2.6) in tnrn implies the identities for ^ = 1 and 2 (mod 3) 

1 + (-l)^(-l)^/3 + (-1)2^/^ = 0. 

We then obtain 

f^(a = -n; ^) = (^) 

£=0 ' 

= 1 |(1 + ;,1/3)3« ^ _ (_l)l/3^1/3]3n ^ ^ (-l)2/3^1/3]3n| _ 

Similarly for the generally nonterminating snm, with the same decomposition, we 
obtain 

Ao(a; ‘-) = 5 {(1 + + [1 - + [1 + (-l)2/=>z'/3]-3a| , 

Hence via identity (2.6) 

/30(a) ^ /3o(a; 3 = -1) = 1 { [1 + + [1 - 

= 3-3“-^ {[1 - (-l)2/3]3a + [1 + (_l)l/3]3a| _ 

By using the relations |1 — (—1)^/^| = \/3 = |1 + (—1)^/^| and arg[l — (—1)^/3] = 
—7r/6 = —arg[l + (—1)^/3] g^d 

/3„(a) = 2.3-’“/=-‘co3(y), 

From (2.3) and then (2.2) we determine that 

/32(a) =cos^ + \/3sin^ = —2 ■ 3“^“'^^“^ cos(3a — 2)^, 

L 2 2 J 6 
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and 


cos—— \/3sin— =2-3 ^cos(3a + 2) —. 

2 2 J ^ ^6 


TTO' 


/31(a) = 3-3“/2 -i 

From these explicit expressions we may confirm that 


TT 


/31(a) - / 32 (a) = 2-3 ^ cos = / 30 (a), 


as in (2.1). It then follows from (2.4) and (2.5) that 

3-(3a+l)/2 


3 F 2 (a, a + 1/3, a + 2/3; 2/3,4/3; 1) — 


1 — 3a 


rr 71 Qj . TTd 

V3cos — -sin —j 


^^3-(3a+l)/2cos(3a + l)-, 
l-3a ^ ^6’ 


and 


3 F 2 (a, a + 1/3, a + 2/3; 4/3, 5/3; 1) = 2 


3 — 30/2 


(l-3a)(2-3a) L 


cos 


Tra /- . Tra 
—-V 3sm — 


3 cos(3a + 2)^. 


(1 -3a) (2-3a) 


□ 


Proposition 2. We then see that /30 satisfies the functional equation 


3 ^/ 3 o(a + 4) — / 30 (a). 


From (2.3) and then (2.2) it follows that in fact 


36/3,(a + 4) =/ 31 (a), j = 0 ,l, 2 . 


□ 


Remarks. The initial slopes may also be found. For example / 32 (a)|a=o = 

(3 In3 - V37r)/6. 

An extension of Proposition 1 would be to consider the following 3 ^ 2 ( 1 ) function, 
using another product of Pochhammer symbols coming from (A.l) together with 
(A.2). 


3 F 2 (a, a + 1/3, a + 2/3; 5/3, 7/3; 1) 


E 


j=0 


(a)j(a + l/3)j(a + 2/3)j 
(5/3)i(7/3)ij! 
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24 x: 


j=0 


(3a)3i(j + 1) 
(3j + 4)! 


‘E(-i)-' 

i=o 


-3a 


j=0 

1 1 


—3a 


3j ;(3j+4)(3j + 2)(3j + l) 


1 

+ TT" 


3j;L6(3j+4) 2(3j + 2) 3 (3j + 1)_ 

Here the last sum on the right side may be directly related to fsi^a — l/3)/(l — 3a) 
as occurs in (2.4). By introducing another summation, the second summation on the 
right side may be written in terms of fs 2 as appears in (2.5). However, using this 
approach, the first summation on the right requires several new summations. Via 
Proposition 3 we determine this 3 ^ 2 ( 1 ) value. 

Proposition 3. We use the derivative property 

d Qjhc 

— 3 F 2 (a, b, c; d, e; z) = -^ 3 -^ 2 (a + 1, 6 + 1, c + 1; d + 1, e + 1; 2 :), 


starting with 


3 p 2 (®) ® + 1/3, a + 2/3; 2/3,4/3; z) 

(1 — ^)^~^“ + — e ~^+ e~^ 

~ 3(3a-l)^ ■ 

Then shifting a -P- a —1 we obtain the expression for 3 T 2 (a, a+1/3, a+2/3; 5/3, 7/3; z) 
and the two cases for 2 : = 1 and z = —1. □ 

Proposition 5. The differential equation follows from the explicit expression for 
u{a) given in Proposition 1. □ 

Corollary. Using the explicit expression for u{a) from Proposition 1 and the 
relation for db{b)j given in Appendix A, the summation identity follows. □ 

Remarks. In regard to Proposition 5, the second order linear differential equation 
for u{a) has positive constant coefficients. As snch, it admits a ready physical inter¬ 
pretation as the equation of a damped harmonic oscillator with damping proportional 
to (tt^ -|- ln^27)/4 and spring constant proportional to 3 In3. 
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Similarly, it may be determined that the function ^ 2 ( 0 ) = 3 ^ 2 ( 0 , a + 1/3, a + 
2/3; 2/3,4/3; 1) satishes the differential equation 

u"{a) + ?> In3- u'{a)+ -( 7 r^ + ln^27 )—^—— u{a) = 0. 

I 1 — 3aJ [4 1 — 3aJ 

It is possible to write several integral representations for the binomial sums fsjia), 


these including 


/ 3 o(®) — 3 ^ 2 ( 0 ,, + 1/3, a + 2/3; 1/3, 2/3; 1) 


r(2/3) r 
r(a + 2/3)r(—a) Jq 


e ^/^( 1 -t) “ ^2Fi + dt 


1 ( 1 1 2 \ 

= ryrrvy I (“■“+???*)*■ 

One may also consider to insert integral representations for binomial coefficients into 
the summands of fsjia). However, it appears difficult to ensure convergence of the 


resulting expressions with this approach. 
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Appendix A: On certain products of Pochhammer symbols 


We first recall the relation 




o A 1 


that follows by applying the duplication formula of the Gamma function, 


22 x-1 / 1 

r(2a:) = —rwr (I + - 


Similarly from the triplication formula of the Gamma function, 

r(3.) = ^m)rh + i)r(x+W 


we obtain 


(a)3n = 33”n 

J =1 


a + j —_ gSn \ + fa+ 2 

3 / n 


For we have 


(*^)3n 


r(a + 3n) _ 27r3“+3— V2r (| + n) T + n) T (2^ + n) 


r(a) 


27r3“-V2r (I) r (2id) T 


= 3 


r(f+ n)r(^+n)r(^ + n) 

r(|) r(5±i) r(!!±2) 

Hence we may note that 


= 33 ^^ ( - 


f a -\- 2 


(A.l) 


(3a)3n — 3 (a)^ ( ® + o ( ® + 


(A.2) 


Gases following from (A.l) include: 


n \ / n 


n \ / n 


n \ / n 


_ (3n)! 

“ n!27^’ 

(3n+ 1)! 

' n\27^ ’ 

1 (3n + 2)! 

2 n\27^ ' 
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/4\ /5\ _1 (3n + 3)! 

Wn V3A“6(n + l)!27"’ 
/5\ /7\ _ 1 (3n + 4)! 
Uyn Wn~^(^ + 1 )! 27 " 
/7\ /8\ _ 1 (3n + 5)! 
WnWn“^(^ + l)!2r" 


/7\ /8\ _ 2 (3n + 6)! 

V3;A3A“6!(n + 2)!27-- 

We freely make use of the relation (”) = [—lY[—n)k/k\. Letting tjj = L'/L denote 


the digamma function, we also have 
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Appendix B: Selected transformations of 3 ^ 2 ( 1 ) 


The following three transformations [3] may be used in rewriting Proposition 1. 
3^2(0, b, c; d, e; 1) = -7- / 3F2{a, b,d - c] d,l + a + b - e]l) 

r(e — a)r(e — b) 
r(a + b — e)r((i)r(e)r((i + e — a — b — c) 


T{a)T{b)T{d - c)T{d + e - a - b) 

^ r(i + a-d)r(i + 6-d)r(i + c-d)r(d)r(e) 

3^2(0, 6, c;d, e; 1) = — 


3^2(0—a, e—6 , d+e—a—b—c] 1+e—a—b, d+e—a—b; 1). 

(B.l) 


T{a)T{b)T{c)T{l + e - d,2 - d) 
X 3^2(1 Oj — \ b — (i, l-f'C — d]l. 6 - — (i, 2 — 

r(l + a — d)T{l + c — d) 


r(i - <i)r(i + a + c - d) ^ 

r,, , , r(i + o-(i)r(i + 6-(i)r(i + c-(i)r((i)r(e) 

3 F.(a, b,c,d,e,i) = - r(a)rwrMr(i + .-d.2-d) - 

X 3 ^ 2(1 Oj — d^ \ b — d^ \ c — d]l. 6- — (i, 2 — 

r(l + a — d)T{l + b — d)T{l + c — d)T{e) 

'*~r(l — d)r(l + a + b — (i)r(l + a + c — d)T{e — a) 

X 3 ^ 2 (^ 7 1. o — d^\-\-o-\-b-\-c — d — \ o b — d^ \ o c — d] 1). (5.3) 
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